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LIMITING TEMPERATURES OF EXCITED NUCLEI : STATIC AND DYNAMICAL 
ASPECTS 
P. BONCHE, D. VAUTHERIN* and M. VENERONI* 
DPhG/SPhT, CEW-Saclay, F-91191 Gif-sur-Yvette Cedex, France 
"Division de Physique Theorique* , Institut de Physique 
Nucleaire, F-91406 Orsay Cedex, France 
Résumé - Des calculs statiques et dynamiques de noyaux à haute température 
sont présentés et discutés dans le cadre de l'approximation de champ moyen. 
Abstract - Some s t a t i c and dynamical ca lcu la t ions of hot nucle i are discussed 
w i t h i n the framework of the mean f i e l d approximation. 
The phase diagram of nuclear matter i s bel ieved to e x h i b i t the t yp i ca l 
s t ruc ture of a Van der Waa ls ' f l u id / I , 2 / . In p a r t i c u l a r t h i s diagram shows a 
c r i t i c a l p o i n t , whose temperature Tc i s about 20 MeV and below which the minimum 
value of the f ree energy corresponds to an equ i l i b r ium between a l i q u i d and a vapor 
phase. Whether the corresponding l iqu id -vapor t r a n s i t i o n i s observable in heavy-ion 
c o l l i s i o n s has been the subject of much d iscuss ion. In contrast w i th the case o f 
s t a t i c i n f i n i t e nuclear mat ter , a r e a l i s t i c descr ip t ion of h igh ly exci ted n u c l e i , 
as they are produced in heavy-ion c o l l i s i o n s , should include f i n i t e s i z e , surface 
and Coulomb e f f e c t s , as wel l as the dynamics of the c o l l i s i o n . With the aim of 
exp lor ing some o f these e f f e c t s , we intend i n the fo l l ow ing to compare the resu l t s 
of some s t a t i c and dynamical ca lcu la t ions w i t h i n the mean f i e l d approximation a t 
f i n i t e temperature. This approximation i s character ized by the replacement of the 
exact densi ty operator by an uncorrelated one of the form 
(1) 
where a:- and a-j are the nucleon creat ion and ann ih i l a t i on operators in the o r b i t a l s | t f .> , Z being a normal izat ion f a c t o r . We w i l l therefore assume tha t the s ing le -
p a r t i c l e degrees o f freedom have been thermalized a t some stage o f the c o l l i s i o n by 
the residual i n t e r a c t i o n s . 
I - STATIC MEAN FIELD CALCULATIONS OF HOT NUCLEI 
For Hartree-Fock ca lcu la t ions at f i n i t e temperature, the populat ion of the 
ind iv idua l states i n the continuum, prevents the d i r e c t determinat ion o f D by 
minimizing the f ree energy. A way to solve t h i s problem is to perform mean f i e l d 
ca lcu la t ions f o r an equ i l i b r i um between a nucleus and an external vapor / 3 / . (For 
an a l t e rna t i ve approach see r e f . / 4 / ) . However t h i s method makes i t necessary to 
i d e n t i f y unambiguously the nucleus and vapor con t r i bu t i ons . 
i ) I so l a t i ng the nucleus from i t s vapor. 
I t was shown in r e f . / 3 / tha t the Hartree-Fock equations a t f i n i t e temperature, 
f o r given values of the chemical po ten t ia l \i and volume V, have i n general two 
so lu t i ons . One describes the nucleus-vapor system whereas the second describes the 
vapor on ly . The nucleus grand po ten t ia l was defined in r e f . / 3 / as the d i f fe rence 
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between the grand p o t e n t i a l s  o f  these two so lu t ions  ; t h i s  d i f fe rence  was shown t o  
have a w e l l  def ined l i m i t  when V goes t o  i n f i n i t y .  
For independent nucleons i n  a p o t e n t i a l  U( r )  t h i s  sub t rac t ion  procedure 
gives the f o l l o w i n g  formula f o r  the grand p o t e n t i a l  o f  the nucleus 
where 6 = l / k T  i s  the inverse temperature and a/@ = p the chemical p o t e n t i a l ,  wh i le  
En and 6g(E) denote respec t i ve ly  the energies o f  the bound s ta tes  and the phase 
s h i f t s  f o r  the p o t e n t i a l  U ( r ) .  Th is  formula agrees w i t h  t h e  expression of the 
second order  v i r i a l  c o e f f i c i e n t  der ived i n  1937 by Bethe and Uhlenbeck /5/ .  
The sub t rac t ion  procedure of r e f .  /3/ a l so  conta ins as a specia l  case the  
formula o f  Tubbs and Koonin /6/, which was der ived i n  the  semi-classical approxima- 
t i o n  f o r  independent nucleons i n  a p o t e n t i a l  U( r ) .  It gives the nucleus grand 
p o t e n t i a l  R as -a2 w i t h  
where F3j2 i s  the Fermi i n t e g r a l  o f  order  3/2. This formula may be shown t o  be the 
semi-classical l i m i t  o f  eq. (2)  /3/. 
ii ) L i m i t i n g  temperature. 
When app l ied  w i t h i n  a Hartree-Fock framework the sub t rac t ion  procedure (3)  
p r e d i c t s  the  ex is tence o f  a l i m i t i n g  temperature Ti beyond which an e q u i l i b r i u m  
w i t h  an external  vapor i s  no longer  poss ib le .  The value o f  t h i s  l i m i t i n g  temperature 
has been found t o  be o f  the order  o f  10 MeV : i n  the case o f  lead-208,TR = 11 MeV 
f o r  t h e  Skyrme I l l  i n t e r a c t i o n  wh i le  i t  i s  8 MeV for  the SKY i n t e r a c t i o n  /3/. 
Because o f  the Coulomb e f f e c t s ,  these values are apprec iab ly  smal l e r  than the  
corresponding ones i n  ( n e u t r a l )  nuc lear  mat ter .  Systematic i n v e s t i g a t i o n s  us ing 
the Thomas-Fermi approximation /7/ and the h o t  l i q u i d  drop model /8/ have shown 
t h a t  TQ decreases from l i g h t  t o  heavy n u c l e i  (see f i g .  1). This decrease i s  a lso  
due t o  the Coulomb e f f e c t s .  
It can be shown t h a t  the l i m i t i n g  temperature TR i s  n o t  l a r g e r  than the 
temperature To f o r  which the nucleus b ind ing energy vanishes. Indeed when the  
energy o f  the nucleus i s  pos i t i ve ,  i t  becomes poss ib le  t o  lower t h e  f r e e  energy 
by a scale t ransformat ion on the o r b i t a l s ,  the  occupation numbers ( i .e .  the  
entropy) being kept  f ixed. I n  p rac t i ce ,  numerical ca lcu la t ions  have shown t h a t  
T i s  always s l i g h t l y  smal ler  than To (see Table 2 o f  r e f .  /3/) .  II 
i i i )  L i fe t imes  o f  h o t  nuc le i .  
I n  s t a t i c  c a l c u l a t i o n s  the densi ty  o f  the  vapor i s  d i r e c t l y  r e l a t e d  t o  t h e  
ho t  nucleus l i f e t i m e ,  a low dens i t y  corresponding t o  a long  l i f e t i m e  /3/. Values 
o f  the l i f e t i m e  o f  lead-208, ca lcu la ted  from t h i s  r e l a t i o n  a re  given i n  t a b l e  1 
Fig. 1 - Limiting temperature obtained in  the  hot l iquid drop model as a function of 
the nucleus mass number /8/ .  The resul ts  obtained fo r  different effective in ter -  
actions (see ref. /a/) are compared. High values of a are associated w i t h  high 
incompressi bi 1 i t i e s  in nuclear matter. 
fo r  interaction SIII  and fo r  various temperatures 
Table 1 - Lifetime of lead-208, calculated in ref .  /3/ fo r  interaction S I I I ,  a t  
various temperatures. 
I t  may be noted that  l ifet imes become comparable t o  reaction times fo r  temperatures 
of the order of 5 MeV. The values in table 1 are,  however, presumably underesti- 
mated 131. 
CJhen the density of the vapor becomes appreciable compared to  the nuclear 
density, the evolution of the hot nucleus can no more be inferred from a s t a t i c  
calculation. Furthermore what happens f o r  temperature greater than T i s  obviously 
beyond the scope of s t a t i c  calculations. Clearly a dynamical approack i s  needed. 
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I 1  - TIME DEPENDENT HARTREE-FOCK CALCULATIONS 
The e v o l u t i o n  o f  h o t  n u c l e i  has recent1 y been inves t iga ted  by several v a r i a n t s  
of the  dynamical mean-f ield approach. L e t  us quote the constrair led Hartree-Fock 
method /9/, the t ime dependent Thomas-Fermi approximation / l o / ,  the Vlasov equat ion 
/11/, the Monte-Carlo Hartree-Fock method /12/, and the t ime dependent Hartree-Fock 
(TDHF) approximation /13/. Ide w i l l  now descr ibe some r e s u l t s  which were r e c e n t l y  
obtained by  the l a s t  approach /14/. 
L e t  us f i r s t  r e c p l l  tha t ,  i n  TDHF, the densi ty  m a t r i x  i s  assumed, a t  each 
t ime t, t o  b$ o f  the form given by eq. (1).  The TDHF e v o l u t i o n  equations f o r  the 
o r b i t a l s  p i ( r )  and f o r  the q u a n t i t i e s  a i  a r i s i n g  i n  eq. (1)  preserve the occupation 
numbers, the  s i n g l e  p a r t i c l e  entropy, and the Hartree-Fock energy. 
The r e s u l t s  described below were obtained by numerical i n t e g r a t i o n  o f  the 
TDHF equations a 0.2 fm l a t t i c e  con ta in ing  100 po in ts ,  w i t h  a t ime step 
A t  = 0.25 x s. The zero range densi ty  dependent fo rce  o f  Jaquaman, l l ek j ian  
and Zamick (JNZ) /15/ was used because o f  i t s  s i m p l i c i t y  and a lso  because i t s  
parameters were adjusted t o  reproduce the  sa tu ra t ion  p roper t ies  o f  nuc lear  mat te r  : 
binding enerqy, densi ty ,  and compression modulus. However i t  overbinds l i g h t  n u c l e i .  
For instance E/A = - 11 MeV i n  calcium-40. 
I n  f i g ,  2 we show the e v o l u t i o n  o f  a h o t  calcium-40, whose i n i t i a l  temperature 
i s  T = 6 MeV. The i n i t i a l  wave func t ions  are taken t o  be pure o s c i l l a t o r  funct ions,  
w i t h  a parameter b = - = 1.7 fm adjusted t o  reproduce the r o o t  mean square 
(rms) rad ius o f  the Hartree-Fock ground s t a t e  (3.08 fm). The i n i t i a l  occupation 
numbers a re  determined from the  Hartree-Fock s i n g l e  p a r t i c l e  energies associated 
t o  t h e  i n i t i a l  wave funct ions. It i s  assumed, i n  other  words, t h a t  the  res idual  
i n te rac t ions ,  du r ing  a f i r s t  stage o f  the react ion,  have thermal ized the s ing le  
p a r t i c l e  degrees o f  freedom, and t h a t  the  rad ius  has n o t  apprec iab ly  changed. 
Fig. 2 e x h i b i t s  (see a l s o  f i g .  6 below) the  existence o f  a s i g n i f i c a n t  Landau 
damping o f  the monopole o s c i l l a t i o n  : the dens i t y  d i s t r i b u t i o n  appears t o  reach 
a l i m i t  a f t e r  two o s c i l l a t i o n s .  Th is  damping was already observed and discussed 
i n  zero temperature TDHF ca lcu la t ions  /16/. It ar i ses  because o f  the coupl ing t o  
the continuum states.  It i s  t h i s  same coupl ing which leads t o  the emission o f  
p a r t i c l e s .  
F igs.  3, 4 and 5 d isp lay  the  evo lu t ion  o f  a h o t  calcium-40 f o r  h igher  values 
o f  the i n i t i a l  temperature, namely T = 10, 12 and 15 MeV. Here also, the i n i t i a l  
rad ius  has been kep t  approximately equal t o  the  Hartree-Fock ground s t a t e  rms 
radius.  It can be seen on f i g s .  3-5 t h a t  the amplitude o f  the  monopole o s c i l l a t i o n  
increases r a p i d l y  w i t h  temperature. A t o t a l  vapor i za t ion  o f  the nucleus occurs 
between 12 and 15 MeV ; i t  w i l l  be discussed f u r t h e r  i n  connection w i t h  the 
evo lu t ion  o f  occupation numbers ( t a b l e  2).  
It i s  i n t e r e s t i n g  t o  compare t h i s  r e s u l t  w i t h  t h a t  o f  the s t a t i c  ca lcu la t ions  
o f  sect .  I. For the zero range i n t e r a c t i o n  we are us ing and f o r  the case of 
calcium-40 the l i m i t i n g  temperature TR discussed i n  sect. I i s  near 12 MeV. 
This value i s  i n  good agreement w i t h  the r e s u l t s  of f i g u r e s  4 and 5. 
I n  ca lcu la t ions  using the BKN force (and the Vlasov equation) a h igher  
value o f  the vapor i za t ion  temperature was found (about 18 MeV) /11/. Th is  d i f f e -  
rence should probably be a t t r i b u t e d  t o  t h e  BKN force.  Indeed t h i s  f o r c e  leads t o  
a l a r g e  value o f  the  compression modulus i n  nuc lear  mat ter  ; and t h i s  value i s  
expected t o  produce a la rge  value o f  the  l i m i t i n g  temperature TR (see f i g .  1) .  
I n  f i g .  6 we show the e v o l u t i o n  o f  the rms rad ius  o f  the " res idual  nucleus" 
f o r  the  i n i t i a l  cond i t i ons  T = 6, 10 and 15 MeV and an i n i t i a l  calcium-40 nucleus. 
The res idua l  nucleus i s  def ined by t runca t ing  the  s i n g l e  p a r t i c l e  wave func t ions  
p i ( r )  i n  eq. (1)  a t  a c u t o f f  rad ius  c = 8 fm. Th is  c u t o f f  rad ius  c i s  l a r g e r  than 
the nuc lear  radius, b u t  much smal ler  than the s ize  o f  the l a t t i c e  used i n  the 
numerical s o l u t i o n  R = 20 fm. The rad ius  c def ines a separat ion between the 
res idual  nucleus ( o r  l i q u i d  phase) and the  emi t ted  p a r t i c l e s  ( o r  vapor phase). 
One may a lso  observe on f i g .  6 the increase w i t h  the temperature o f  the per iod  
Fig.  2 - Time evolut ion o f  the density d is t r ibut ion  f o r  an i n i t i a l  nucleus A = 40, 
T = 6 MeV, b = 1.7 f m .  
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Fig .  3 - Time evo lu t ion  o f  the densi ty  d i s t r i b u t i o n  f o r  an i n i t i a l  nucleus A = 40, 
T = 10 MeV, b = 1.6 f m .  
Fig. 4 - Time evolution o f  the density distribution for an initial nucleus A = 40, 
T = 12 MeV, b = 1.55 fm. 
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Fig. 5 - Time evolution o f  the density d is t r ibut ion f o r  an i n i t i a l  nucleus A = 40, 
T = 15 MeV, b = 1.48 fm. 
Fig. 6 - Time evolution of the root mean square radius of the residual nucleus for 
the i n i t i a l  conditions A = 40, T = 6 MeV, b = 1.7 fm ; T = 10 MeV, b = 1.6 fm ; 
T = 15 MeV, b = 1.48 fm. 
T of the monopole oscil lat ion.  The corresponding energy fi x 2 8 / ~  i s  23.7 MeV f o r  
T = 6 MeV and 17.3 MeV fo r  T = 10 MeV. For T = 15 MeV the radius shows a monotonic 
increase with time, as can be expected from f ig .  5. 
The par t ic le  emission leads of course t o  a decrease i n  time of the mass 
number and a lso  of the energy per nucleon ( i  .e. t o  a cooling) of the residual 
nucleus as i s  i l l u s t r a t ed  by f igs .  6 and 7. (Recall t ha t  the to ta l  mass and the 
to ta l  Hartree-Fock energy are constants of the motion i n  TDHF). For i n i t i a l  
temperatures up t o  12 MeV the average mass of the residual nucleus appears t o  
reach a 1 i m i  t w i t h  time. The same remark holds fo r  the energy per nucleon which 
goes asymptotically to  a negative value. In contrast ,  for  an i n i t i a l  temperature 
T = 15 MeV the residual nucleus eventually disappears, while the energy per nucleon 
remains always positive. From figure 7 one can define schematically a l ifet ime .r 
of the hot nucleus as the time when the number of emitted par t ic les  i s  half i t s  
asymptotic value. For T = 6 MeV th i s  gives T - 1 x 10-z2 s in agreement with the 
value quoted in table 2.  For higher temperatures such a definit ion of T(T) i s  no 
longer meaningful since there i s  an important cooling ( i  .e. decrease in  E/A) over 
a time scale of 1 0 - ~ 2  s .  The importance of th i s  cooling in a short  lapse of time 
suggests tha t  the system may not have the opportunity to  reach an i n i t i a l  condition 
with temperatures greater than some value around 10 MeV. 
To gain a bet ter  understanding of the resul ts  shown in f igs .  6 and 7, i t  i s  
useful t o  identify the origin of the emitted par t ic les .  To th i s  end, we show i n  
table 2 the occupation numbers ni a t  the i n i t i a l  time to and, in the residual 
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CALCIUM 40 
~nteroct~on JMZ 
c = 8 f m  
Fig. 7 - Time evolution of the average mass of the residual nucleus f o r  various 
i n i t i a l  temperatures. The i n i t i a l  nucleus i s  cal ci um-40 and the i n i t i a l  radius 
3.08 fm. 
Fig. 8 - Time evolution of the energy per nucleon i n  the residual nucleus fo r  
various i n i t i a l  temperatures. The i n i t i a l  nucleus i s  calcium-40 and the  i n i t i a l  
radius 3.08 fm. 
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nucleus, a t  time tl = to + 3 x s .  Theil calculation requires some care 
because the res t r ic t ions  of the orbi ta ls  q ( r )  t o  the sphere of radius c are no 
longer orthogonal. I t  is thus necessary t o  construct and diagonalize the res t r ic t ion  
of the single part icle density matrix in th i s  sphere. In contrast with the global 
occupation numbers (which are constants of the motion) table 2 shows that  the 
occupation numbers in the residual nucleus are modified during the TDHF evolution 
by the par t ic le  emission. I t  i s  worthwhile noting tha t  the main e f fec t  of the 
part icle emission i s  t o  empty unbound orbi ts  in the i n i t i a l  Hartree-Fock potential. 
For T = 12 MeV the entropy per nucleon decreases from S/A = 2.09 t o  S/A = 1.51 because 
the evaporated part icles are the most disordered. Notice tha t  fo r  T greater than 
10 MeV, the emitted par t ic les  produce a dras t ic  reduction of the mean f i e ld  depth ; 
a t  T = 15 MeV th i s  non-linear e f f ec t  i s  suff ic ient  t o  drive a l l  the par t ic les  into 
the continuum, leading to  to ta l  vaporization. 
Table 2 - Occupation numb rs ni of the lowest orbi ta ls  a t  the i n i t i a l  time to, 
and a t  ti = to + 3 x s in the residual nucleus. The i n i t i a l  condition i s  
A = 40, T = 6 MeV, rms = 3.08 fm. The Hartree-Fock single par t ic le  energies 
Ei(MeV) a t  time to are also indicated. 
CONCLUSION AND OUTLOOK 
The time dependent Hartree-Fock formalism provides, through par t ic le  emission, 
a consistent dynamical treatment of the l iquid and vapor nuclear phases. While being 
s t i l l  numerically simple, i t  allows a comparison with the resul ts  of e a r l i e r  s t a t i c  
calculations, whose conclusions are i n  the overall conf ined.  
Of course important questions do remain. Some of our i n i t i a l  conditions are 
presumably unrealist ic,  because par t ic le  emission (and fragmentation) occuring 
during the f i r s t  stage of the coll ision would prevent the nucleus to  reach some of 
the assumed i n i t i a l  s ta tes .  The ef fec ts  of the residual interactions,  which are 
expected to  populate continuously the unbound o rb i t a l s ,  should be taken into 
account. 
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Some aspects o f  nuc lear  fragmentat ion have a l ready been inves t iga ted  by 
d i f f e r e n t  techniques /12, 17-19/. I n  the TDHF framework, an approximate way t o  
study t h i s  quest ion i s  through the random ~ h a s e  approximation (RPA) a t  f i n i t e  
temperature /13, 20/. I n  t h i s  approach and f o r  a density-dependent i n t e r a c t i o n  
such as the JMZ fo rce  /15/, the e f f e c t i v e  "par t i c le -ho le "  i n t e r a c t i o n  was found 
t o  be repu ls i ve  a t  dens i t i es  h igher  than the normal nuc lear  densi ty  and a t t r a c t i v e  
a t  lower dens i t i es .  T h i s  e f f e c t  produces imaginary RPA r o o t s  which may reveal the 
onset o f  fragmentat ion a t  low nuclear  density.  
L e t  us f i n a l l y  r e c a l l  t h a t  TDHF i s  on ly  one among poss ib le  mean-f ield 
theor ies.  Using a t ime dependent va r ia t iona?  p r i n c i p l e ,  i t  has been shown t o  be 
the "best" mean-f ield approximation f o r  p r e d i c t i n g  the average values o f  s ing le -  
p a r t i c l e  observables. When the q u a n t i t i e s  o f  i n t e r e s t ,  such as f l u c t u a t i o n s  o r  
t r a n s i t i o n  p r o b a b i l i t i e s ,  are no more o f  the s i n g l e - p a r t i c l e  type, more s o p h i s t i -  
cated mean-f ield theor ies  (which are s u i t e d  t o  the  eva lua t ion  o f  these q u a n t i t i e s  
and which incorporate some c o r r e l a t i o n  e f f e c t s )  may be der ived from t h i s  same 
v a r i a t i o n a l  p r i n c i p l e  /21/. I n  the  zero temperature case, the mass d ispers ion o f  
the res idua l  nuc le i  has been evaluated by t h i s  method and the cor rec t ions  /22-24/ 
found t o  improve s i g n i f i c a n t l y  the "naive" TDHF evaluat ions which g ive  too small 
values. 
We hope t h a t  inves t iga t ions ,  now i n  progress along these l i n e s ,  w i l l  he lp  
t o  a b e t t e r  understanding o f  these e x c i t i n g  nuc lear  blobs, which our exper imenta l i s t  
f r i e n d s  exc i te ,  n o t  f a r  from here, w i t h  a t o n i c  excitement. 
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